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Abstract

We develop the theory of Abelian functions defined using a tetragonal curve of
genus six, discussing in detail the cyclic curve y* = x + A4x* + A3x3 + Aox? +
A1x + Ag. We construct Abelian functions using the multivariate o-function
associated with the curve, generalizing the theory of the Weierstrass go-function.
We demonstrate that such functions can give a solution to the KP-equation,
outlining how a general class of solutions could be generated using a wider
class of curves. We also present the associated partial differential equations
satisfied by the functions, the solution of the Jacobi inversion problem, a power
series expansion for o (u) and a new addition formula.

PACS numbers: 02.30.Jr, 02.40.Tk, 02.70.Wz, 02.30.—f, 02.40.—k
Mathematics Subject Classification: 14H40, 14H42, 15A15, 33E05

1. Introduction

Recent times have seen a revival of interest in the theory of Abelian (multiply periodic)
functions associated with algebraic curves. This topic can be dated back to the Weierstrass
theory of elliptic functions which we use as a model. Let o (u) and g (1) be the standard
Weierstrass functions (see for example [1]). The gp-function can be used to parametrize an
elliptic curve y?> = 4x3 — gyx — g3, and satisfies the following well-known formulae:

o(u) =u—

d2
o u) = —@bgd(u), ey
(©'()* =49 )’ — g2 (1) — g3 )
" 1
9" (W) = 6p )’ — Zg>. (3)
The o -function satisfies a power series expansion,
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and a two-term addition formula,

_a(u +v)o(u —v)
o u)?o (v)?

=pW) —p©). &)

Taking logarithmic derivatives of this will give the standard addition formula for g (). This
paper will generalize equations (1)—(5) for a previously unconsidered class of functions.

The study of Abelian functions associated with the simplest hyperelliptic curves (those of
genus two) goes back to the start of the 20th century. Klein’s generalization of the Weierstrass
theory is described in Baker’s classic texts [2, 3], while Buchstaber er al [4] give a more
recent study of the general hyperelliptic case. Further generalization has been structured by
considering (with the notation of [5]) classes of (n, s)-curves. These are curves with the
equation

yt—x' = Z M[,,S,D,,,,,gs]x"‘yﬁ W j constants, (6)
a.B

where o, € Z witha € (0,s — 1), 8 € (0,n — 1) and an + Bs < ns. The cyclic subset
of such a class of curves is generated by setting 8 = 0. We suppose that (n, s) are coprime,
in which case the curves have genus g = %(n — 1)(s — 1) and a unique branch point co at
infinity.

In the last few years a good deal of progress has been made on the theory of Abelian
functions associated with trigonal curves (those with n = 3). The o-function realization of
these functions was developed first in [6, 7], with the two canonical cases studied in detail in
[8,9].

In this paper we consider the next logical class (those with n = 4). These are the
tetragonal curves, and we have started by looking at the curves of lowest genus and simplified
by considering the cyclic subclass. We construct the multivariate o -function associated with
this curve and use it to define and analyse classes of Abelian functions, generalizing the theory
of the Weierstrass gp-function. A key component of our work is the construction of a series
expansion for the o-function. This technique was first developed for the trigonal case in [10];
however, the computation involved for the present expansion is significantly greater. The latter
computations are performed in parallel with the use of the Distributed Maple software (see
[11, 12]).

The applications of Abelian functions to integrable systems and soliton theory have been
the topic of research for some time (see for example [13, 14]). It is well known that the elliptic
go-function could be used to construct a solution to the KdV equation. Similar solutions to
nonlinear equations have been derived from higher genus curves, for example in [7] where
the function g33 associated with the (3,4)-curve was shown to be a solution of the Boussinesq
equation. This has suggested a more general link between such functions and the integrable
KP hierarchy. We demonstrate how the Abelian functions we define can give a solution to the
KP-equation, outlining how similar solutions will also be found from any (4, s)-curve.

This paper is organized as follows. We give the basic properties of the curve we consider
in section 2, including explicit constructions of the differentials on the curve and a set of
weights that render the key equations homogeneous. Then in sections 3 and 4 we define the o -
function and Abelian functions associated with this curve. Section 5 discusses a key theorem
satisfied by the go-functions which we use to give a solution to the Jacobi inversion problem. In
section 6 we derive some properties of the o-function including the series expansion, while
in section 7 we use this to generate relations between the Abelian functions. Section 8
demonstrates how solutions to the KP-equation can be constructed from Abelian functions.
Finally in section 9 we give the derivation of a two-term addition formula.
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2. The purely tetragonal curves

We will investigate Abelian functions associated with a tetragonal curve. The simplest general
tetragonal curve is, in the notation of the (n, s)-curves, a (4, 5)-curve. Itis givenby g(x,y) =0
where

g(x,y) = y* + (ix + ps)y® + (ax + pex + p110)y”
+(Uax® + X + X + u1s)y
— (% + pax® + pgx® + pax? + piex + pao) (u; constants).

In this paper we further simplify by considering the cyclic subclass of this family. These are
the curves C, given by

C: fx,y)=0 (A; constants)
where

fx,y)= y4 — (x5 +)L4x4 +)L3x3 +X2x2 +Aix +Xo). @)

The curve C has genus g = 6, the unique branch point oo at infinity and is referred to as
the purely tetragonal or strictly tetragonal curve. It contains an extra level of symmetry
demonstrated by the fact that it is invariant under

[c1: (x,») — (x,¢y), ®)

where ¢ is a fourth root of unity.

For any (n, s5)-curve we can define a set of weights for the variables of the theory, including
the curve constants, which render the equation homogeneous with respect to the weights. To
find these weights consider the mapping x +> t® % acting on all elements in the curve
equation. Define the weights as the constants «; that render the new equation homogeneous
with respect to 7. The weights of x, y will then be determined up to a constant by na, = sa,.
To keep with convention we let oy, = —n and oy, = —s so that they are the largest negative
integers satisfying this condition. The weights of the curve constants can then be chosen to
make the remainder of the equation homogeneous.

Definition 2.1. For the cyclic (4,5)-case we have

X y )\.4 }»3 )\.2 )»1 }VO

Weight -4 -5 -4 -8 —-12 —-16 =20

while in the general (4,5)-case the weights of the curve constants are given by their subscripts.
We refer to these as the Sato weights.

As we proceed through the paper we can use the approach of this mapping to conclude that
other elements in our theory must have definite weight. All the equations presented here are
homogeneous with respect to these weights.

Next we construct the standard basis of holomorphic differentials upon C:

_ gi(x’ y)

du = (duy, ..., dus), du;(x,y) = dx,
4y3
where
gi(x,y) =1, & (x,y) = x, g(x,y) =y, ©
ga(x, y) = x%, gs(x, y) = xy, g6(x, y) = y*.
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Denote points in (o by u, for example, and their coordinates by (u1, us, ..., ug). We know
from the general theory that any point u € C® can be expressed as

6 P;
u = (U, U, U3, Ug, Us, Ug) = E / du,
i=1 v

where the P; are six variable points upon C. Let A denote the lattice generated by the integrals

of the basis of holomorphic differentials along any closed paths in C. The manifold C®/A is

then the Jacobian variety of C, denoted by J. Let « be the quotient map of modulo A over C:
K:Cl— COA =1J.

Therefore A = «~1((0,...,0)). For k = 1,2,... define 2, the Abel map from the kth

symmetric product Sym*(C) to J:

A - Symk(C) —J
Py Pr (10)
(Pl,...,Pk)f—></ du+---+/ du) (mod A),

[ee} o0

where the P; are points upon C. Denote the image of the kth Abel map by W!*I and let
[y, ..., ue) = (—uy, ..., —ue).

Define the kth standard theta subset (often referred to as the kth strata) by
ek — wikly [_1]W[k1_

When k = 1 the Abel map gives an embedding of the curve C upon which we define £ as the
local parameter at the origin, 2(; (c0):

1

F=x"1=x1 (11)
We can then express the basis (9) with £ and integrate to give
w=—HEN+0ED)  u3=—gE+0E")  us=—38+ 0@

uy = —3&"+ 0" sy = =36+ 0() ug = —§+0(&).
The higher-order terms will contain the curve parameters A = {A, ..., As}.
Similarly to [7, 10] we could rewrite this using u¢ as the local parameter.
Note that such calculations can be performed similarly for any (7, s)-curve, and that since
each element of du is homogeneous in Sato weight we can conclude that the u; have definite
Sato weight. Since the weight of & must be +1 from (11), we can define the weights of u
uniquely as below.

(12)

Definition 2.2. In the (4,5)-case we assign the following weights to u:

ui Uy us Uy Us Ug

Weight +11 +7 +6 +3 42 +1.

Remark 2.3. The weights of the variables coincide with the order of their zero at co. They
can also be calculated using the Weierstrass gap sequence, where the weights of u, . . ., ug are
the gap numbers and the weights of x and y are the negative of the first two non-gap numbers.

Definition 2.4. Let (x,y) and (z, w) be two variable points upon C. Then the two-form
Q((x, ), (z, w)) on C x C is a fundamental differential of the second kind if

4



J. Phys. A: Math. Theor. 42 (2009) 095210 M England and J C Eilbeck

(1) Itis symmetric:  Q((x, y), (z, w)) = Q((z, w), (x, y)).
(2) The only pole of second order is along the diagonal of C x C (where x = z).
(3) It can be expanded in a power series as

Q((x,y), (z,w)) = + 0(1)) dg dg"  (as (x,y) = (z, w)),

( 1
(& —¢&)?
where & and &' are the local coordinates of (x, y) and (z, w).

We will construct Klein’s explicit realization of this in proposition 2.6 below.
First introduce dr, the basis of meromorphic differentials which have their only pole at
0o. These are determined modulo the space spanned by the du and can be expressed as
hjx, y)
4y T4

An explicit basis is constructed later in order to satisfy proposition 2.6.

dr = (dry, ..., drs), where drj(x,y) = dx. (13)

Definition 2.5. Define the following meromorphic function on C x C as

! S aa[fGw)
By @) = e D M e |

k=1

where [ ], means that we remove any terms which have negative powers with respect to w.
Proposition 2.6. The fundamental differential of the second kind can be expressed as

Q((x, y), (z,w)) = R((x, y), (z, w)) dx dz,
where

duj(x y) drj(z, u))

R((x,y), (z,w)) = —E((x ) (2, w))+Z &

j=1

The polynomials h(x,y) need to be chosen so that Q is symmetric. This will lead to a
realization of 2 in the form

F((x,y), (z,w))dxdz
Q((x,y), (z, = ) 14
((x, ), (z, w)) G 2 ) fary) (14)

Proof. The essential part of the proof is the same as in the lower genus cases (see [8] for
example). In this case, we explicitly determine the basis of meromorphic differentials (13) to
be given with

hi = —y?(8x%hs + 11x3 + 5xA3 + 21,), hy = —y (A3 +4x2s + 7x%),

hy = —2xy (s +3x% +2x)4), hy = —3xy?, hs = —2x%y, he = —x>.

The polynomial F in the realization (14) is found to be
F((x,y), (z, w)) = 4y*w + Bxz* + 2245 + 222 + 20,22 + 3x232°
+413xk4 +4ho + A x +2Ax7 + 3)L1z)y2 + Az +4hxz + 40
F 200X +4x2h + 20x2 2 + 20372 + 22307 + 2x)»3z2)wy
+ (Aax® + 400 + 30x + 2h0x% + Az + 1322 + 3x 2 + 2hxz
+303x%7 + g w?, (15)
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3. Defining the o-function

In this section we describe the multivariate o-function associated with C, from which all
Abelian functions associated with C can be defined. This can be regarded as a generalization
of the Weierstrass o -function with the main difference that there are now g = 6 variables:

o =o(u)=o0(uy,u, us, s, us, e).

First we choose a basis of cycles (closed paths) upon the surface defined by C. We denote
them

aivﬁj9 1<iaj<61

and ensure they have intersection numbers
1 if i=j
o -a; =0, Bi-Bj =0, Oli-ﬂj=5ij={0 . /

This allows us to define the following period matrices:

00 NP S g =],

yeeey

44444

‘We combine these into

(1)/ a)//
M = < ’ //) ’
U

which we know from classical results to satisfy

—1Is ! . —Is
M(Is ) M:2n1(16 > (16)

This is the generalized Legendre equation (see [4], p 11). We also have that (') "' is
symmetric with

Im((w')"'@")  positive definite. (17)

We now define the multivariate o -function associated with C. This can be constructed using
the multivariate 6-function (see for example [15]).

Definition 3.1. The Kleinian o -function associated with C is

(T(ll)—(T(U'M)—CeX _1 re, IN=1, T 0 n—1, T N—1 7
=o(w M) =cexp| —jun' (@) u’ | x0[]((@) v [(@)" o)

= cexp (—%un/(w')luT) X Z exp {2711[%(;11 +3) (@) ' (m +8)

meZs
+m+3)T (@) " + 5”)} }

where c is a constant dependent upon the curve parameters {,g, A1, A2, A3, A4} and fixed later
(see remark 4). The matrix § = [g,,] is the O-function characteristic which gives the Riemann

constant for C with respect to the base point co and the period matrix (o', ©"] (see [4],
pp 23—4).

6



J. Phys. A: Math. Theor. 42 (2009) 095210 M England and J C Eilbeck

In this paper we give some of the most important properties of o (u). For a more detailed
study of the construction and properties of the multivariate o -function we refer the reader
to [4].

Lemma 3.2. Given u € C%, denote by u' and u” the unique elements in R® such that
u=1uo+u"o".
Let £ represent a point on the period lattice
L=Va +0"0" € A.
Foru,veClandl e A, define L(u, v) and x (£) as follows:
L(u,v) = u’ (v +n"v"),
x (&) = expwi2' "8 —¢" T8+ Te").

Then for all uw € C°, € € A the function o (w) has the quasi-periodicity property

o(u+4) = x)exp |:L (u+§,£>:| -o(u). (18)
Also for y € Sp(12, Z) we have
o(u; yM) = o (u; M). (19)

Proof. The quasi-periodicity property given in (18) is a classical result, first discussed in [2],
that was fundamental to the original definition of the multivariate o -function. Equation (19)
is easily seen from the definition of o (u), since y corresponds to the choice of basis cycles
{aj, B;}5_, which are used to define M. O

4. Classes of Abelian functions

Definition 4.1. Let 9M(u) be a meromorphic function of u € CS. Then M is an Abelian
function associated with C if

Mu+o'n’ +o’'m’) = Mu)
for all integer vectors n, m € Z, wherever I is defined.

We now define a set of fundamental Abelian functions on J.

Definition 4.2. Define the 2-index Kleinian gp-functions as
2

Bu,-auj

gij(u) = — log o (u), i<jefl,..., 6}

A short calculation shows these functions to have poles of order 2 when o (u) = 0 and no
other singularities. We can check (using lemma 3.2) that
5o,~j(u+£)=pij(u), V feA.

Hence we can conclude these functions to be Abelian. Similar analysis will show their
derivatives to be Abelian also.

Definition 4.3. For n > 2 define n-index Kleinian ©-functions as
a 0 d

1 , i1 <<y, edl,...,6}.
8u,~] Buiz Buin OgG(U) . ! e{ }
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Remark 4.4.

(i) Compare with (1) and the elliptic case to see that we are defining a generalization of the

Weierstrass g-function and its derivatives.

(i) This notation is compatible with the elliptic case, where we would now denote the
Weierstrass g-function as 11 (u) and its first derivative o’ by o111 (u).

(iii) The order of the indices is irrelevant. For simplicity we always use ascending numerical
order.

(iv) We are usually only referring to one vector of variables w. In these cases, for simplicity,
we write ¢;; instead of g;;(w).

We find in section 7 that the p-functions are not sufficient to construct a basis of the simplest
Abelian functions. Hence we also define a generalization of Baker’s Q-functions, which we
need to extend further than in the lower genus cases.

Definition 4.5. Define the operator A; as below. This is now known as Hirota’s bilinear
operator, although it was used much earlier by Baker in [3]:

a d

= au,- al}i ’

It is then simple to check that an alternative, equivalent definition of the 2-index Kleinian
g-functions is given by

pij(u)z—mAiAja(u)o(v) . i<jell,..., 6}
We extend this to define n-index Q-functions, for n even, by
Qiris,....in (W) = ﬂAil Aj .. Ao (u)o(v)
20 (u)? v
wherei; < ---<1i,€{l,...,6}

We can show as above that these functions are also Abelian.

Remark 4.6.

(1) The subscripts of the p-functions denote differentiation
a

S Bininein = Biinebniina
Ui, +1

but this is not the case for the O-functions. Here the indices refer to which Hirota operators
were used.

(i1) If we had applied the definition for n odd then it would have returned zero.

(iii) Note that both the g-functions and the Q-functions have poles when o (u) = 0 and no
other singularities. The n-index gp-functions have poles of order n, while the n-index
Q-function all have poles of order 2.

The 4-index Q-functions were first used by Baker, and in [8] it was shown that they could
be expressed using the Kleinian gp-functions as

Qijke = Pijke — 208k — 201k je — 20106 k- (20)
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Proposition 4.7. The 6-index Q-functions can be written as

Qijximn = Qijkimn — 211 Okimn + Oik§jimn + Oil§ jkmn + Oim§ jkin
+ Oinjkim) + (QjkOitmn + £ j1Oikmn + O jm Oikin + O jnOikim)
+ (Ok1ijmn + Ormijin + OknOijim) + Om&ijkn + Oinijkm)
+ Omn®ijri] + A(0i k1 Pmn + ©ij OkmPin + Oij PknPim)
+ (Pik§j1Omn + Oik§ jmOin + Oik® jnOim) + (i1 jkOmn
+ Qi jm&kn + Qit© jnkm) + (Qim & jk O + Oim § j1Okn
+ Qimjnk) + (Pin§jkQim + Oin® j18%km + Oin jm k1) - 2D

Proof. Apply definitions 4.2 and 4.5 to reduce the equation to a sum of o-derivatives. We
find that they all cancel (Maple is useful here). The structure of the sum was prompted by
considering the result for the 4-index Q-functions. ]

Clearly (21) will specialize to give a set of simpler formulae such as

annnrm = &nnnnnn — 305/')nn5/')nnrm + 6050,3m

5. Expanding the Kleinian formula

This section is based upon the following theorem (originally by Klein). It is given for a
general curve as theorem 3.4 in [7]. From this theorem we are able to solve the Jacobi
inversion problem, as well as generate relations between the gp-functions.

Theorem 5.1. Let {P;, ..., Ps} € C° be an arbitrary set of distinct points on C, and (z, w)
any point of this set. Then for an arbitrary point (x, y) and base point oo on C we have

: x.3) o B F((x, ), (z,
> i (/ du—Z/ du) gi(x, )gj(z. w) = W 22)
k=1

ij=1 e

Here g; is the numerator of du; as given in (9), and F is the symmetric function appearing in
(15) as the numerator of the fundamental differential of the second kind.

We use our explicit calculation of the differentials to construct (22). We expand this as
one of the P, tends to infinity to obtain a series expansion in terms of the local parameter &,
given earlier in (11). It follows that each coefficient with respect to & must be zero for any
u € J and some (z, w) on C. This gives us a potentially infinite sequence of equations starting
with the five given in appendix A. The first 14 have been calculated explicitly (using Maple)
and can be found online at [16].

Manipulating these equations. We follow the approach of the trigonal papers and manipulate
these equations using Maple. We first take the resultant of pairs of equations (eliminating the
variable w by choice) to give a new set of equations dependent on z and the gp-functions. We
introduce the notation Res(a, b) to represent the resultant of equations (a) and ().

These new equations are considerably longer than those obtained in the lower genus cases.
We need to combine them to give a polynomial of degree g — 1 = 5 in z. Such a polynomial
would have only five solutions but must be satisfied for all w (which has six variables). Hence
all the coefficients must be zero, giving us a set of relations between the gp-functions. We
have the extra complication (compared to the trigonal cases) that none of the new equations

9
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has degree in z equal to g. Therefore, in this case, at least two rounds of elimination between
the equations will be required.

We find that Res(A.1, A.2) has degree 7 in z so we rearrange it to give an equation for z’.
Then since Res(A.1, A.3) and Res(A.1) and (A.5) have degree 8, we can repeatedly substitute
for z’ in both until we are left with two equations of degree 6 in z. Since these are very long
we do not print them here; however, they can be found online at [16] where we have labelled
them (T1) and (T2).

We next rearrange (T1) to give an equation for z¢ and repeatedly substitute for z” and z°
in the remaining equations until they are of degree 5 in z. The coefficients of such equations
must be zero, giving us relations between the gp-functions. The smallest such relation has
3695 terms, with the others rising in size considerably. Unlike the trigonal cases these
cannot be easily separated to give expressions for individual g-functions. However, these are
implemented in the construction of the o-function expansion (see section 6).

Jacobi inversion problem. Recall that the Jacobi inversion problem is, given a point u € J, to
find the preimage of this point under the Abel map (10).

Theorem 5.2. Suppose we are given {uy, ..., us} = u € J. Then we could solve the Jacobi
inversion problem explicitly using the equations derived from (A.1)—(A.5).

Proof. Consider either equation (T1) or (T2) defined in the discussion above. This is a
polynomial constructed from g-functions and the variable z. This equation has degree 6 in z
so denote by (zy, ..., z¢) the six zeros of the polynomial.

Next, rearrange (A.1) to give an equation for w?. Substitute this into (A.2) and multiply
all terms by g6 to give the following equation of degree 1 with respect to w:

0= w(zKJﬁésoss — 2% 066 — 28668566 + P6662856 + 368666 + P66835
— ZKJ526 — §2366756 — 6/')666/9366) + Z2K9665<>45 - Z2@66@466 + @56Z3

3 2
— 2626662266 — §25626226 T 28668225 T §2158%66 — £26663° T 6266662462

+ 966626926 — 166866 + Pe66816 — H568462° — P56816- (23)
We could substitute each z; into (23) in turn and solve to find the corresponding w;. We can
therefore identify the set of points {(z;, wy), ..., (Z¢, we)} on the curve C which are the Abel
preimage of u. ]

6. Deriving the properties of o(u)

In this section, we derive some of the properties for o (u) and use them to construct the Taylor
series expansion.

Lemma 6.1. The function o (u) has zeroes of order 1 when w € ®B). Further, o (u) # 0 for
all other u.

Proof. This is a classical result which always holds for @8~ (see [2]). It can be concluded
from results on Riemann’s -function, from which o (u) can be defined.

The first part can also be concluded explicitly from the results of the previous section. In
theorem 5.2 we discussed how the six roots of the polynomial (T2) gave us the Abel preimage
of u € J. Now suppose that u is approaching ®!, implying one of these roots is approaching
infinity. We explicitly calculate the denominator of (T2) to be o (u)'6, using definition 4.3.
Therefore, we can conclude that when u descends to ®! we must have o (u) = 0. O

10
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Consider u € ®F! which by definition we can express using points P, on C as

Py PS
u:/ du+--~+/ du.
o0 o0

Use equations (12) to express v with five local parameters:

O=u1+1—11$1”+~~+%55“+0( D)+ +0(&P),

O=ug+& +- +&+O0(&)+ -+ O(&). (24)
Now consider the case when A = 0. In this case equations (12) simplify to
up=—5E", uy =387, uz=—1£% ug=—1E us=—3E, ue=—¢,

and hence the higher-order terms in equations (24) all reduce to zero. We can now take the
multivariate resultant of these six finite polynomials, eliminating the parameters &, ..., &s.
From the theory of resultants we are left with a polynomial, unique up to multiplication by a
non-vanishing holomorphic function, that must be zero for u € ®P!, By lemma 6.1 we can
conclude this polynomial to be a multiple of o (u).

In fact, this is just a specific case of the following stronger result for the o -function.

Lemma 6.2. Define the canonical limit of the o-function as the value of o (u) in the case
when all the curve constants are zero. In this case the series expansion of o(u) about
u = (0,0,0,0,0,0) is given by a constant K multiplied by the Schur—Weierstrass polynomial
generated by (n, ).

Proof. The result was first stated in [17], with an alternative proof now available in [18]. [

For the (4, 5)-case we have the following Schur—Weierstrass polynomial:

_ 5, 1 .82 1.4 _ 1 7 1
SWys = Ug" + g3gUel5Us — TzUgUI — TgUgH3Us — g
1.3 6 L 11,2, 1.,63,2, 3 2 2
— 7—2M4M6 — mué MS + ﬁusuﬁ + §M4M5M3 — 2M4M6M3M5 — UslUe

23, 3 o 1 43 1 992 1 74, 1 38
gUsH3UG — Ualty + 13Ul — 355 MeHa — 755Uels T To0s UeH2
132 1, 6

1 4
+ FUsU2 + FUGUZ — U4l +
2

1 4
8382528 Ugusllsig

12 2 1.5
Ug Ug + UsUoUsUL + 7U;

2u62u2 + %u43u62u52

1
399168
1 4 1 5 1
+2usuzuy + gUs Ue U + TpU6 Uolly — U4

1,2 4 1.4 4 2
— U4 UGUST — 3pU5 Ul + Uuquey — Us"UY, (25)

which, as expected, is a factor in the polynomial obtained from the resultant calculation
described above. Note that calculating SWy s as the Schur—Weierstrass polynomial is,
computationally, far easier than using a multivariate resultant method.

In the discussion above we could have truncated equations (12) at successively higher
weights of A, instead of just setting A = 0. In each case we would use resultants to generate
a polynomial that is a multiple of the expansion of o (u), truncated at that weight. Since this
was generated using polynomials of homogeneous weight we know that the expansion of o (u)
must also have definite weight.

Remark 6.3. We will fix the constant ¢ in definition (3.1) to be the value that makes K = 1
in lemma (6.2). Some other authors working in this area would instead set

1
7% \?Z 1
CcC = _— )
det(w’) Ds

11
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where D is the discriminant of the curve C. In general, these two choices of ¢ are not equivalent.
However the constant ¢ will cancel in the definitions of all the Abelian functions, and hence
any relation between such functions is independent of c.

Lemma 6.4. The function o(u) associated with the (4,5)-curve is odd with respect to
u > [—1]u.

Proof. In theorem 3(iii) of [18] the author shows that for any (n, s)-curve
o(—u) = ()" VDo ),
Hence in the (4,5)-case the function o (u) must be odd. U

We now have enough information to derive a Taylor series expansion for o (u), similar to
that of the elliptic case in (4).

Theorem 6.5. The function o (u) associated with (7) has the following expansion:
o) = o (uy, uz, us, ug, us, ug) = Cis(u) + Crg(u) + -+ + Cispan () + - - -,

where each Cy is a finite, odd polynomial composed of products of monomials in u =
(Ui, ..., up) of total weight +k multiplied by monomials in X = (A4, ..., Ao) of total weight
15 — k.

Proof. The theoretical part of the proof follows [8, 9]. By theorem 3(i) in [18], we know
the expansion will be a sum of monomials in w and A with rational coefficients, and by
lemma 6.4 we conclude that the expansion must be odd. We also know that o (1) has definite
weight, and by lemma 6.2 we can conclude this to be the same weight as the Schur—Weierstrass
polynomial. From equation (25) we see this weight is +15.

The rationale of the construction is that although the expansion is homogeneous of weight
+15, it will contain both u (with positive weight) and A (with negative weight). We hence split
up the infinite expansion into finite polynomials whose terms share common weight ratios.

The first polynomial will be the terms with the lowest weight in w. These must be the
terms that do not vary with A. The indices then increase by four since the weights of A
decrease by four (see definition 2.1). O

By lemma 6.2 we have C;5 = SW, 5 as given by (25). Using the computer algebra
package Maple we calculate the other polynomials successively as follows:

(i) Select the terms that could appear in Cy. These are a finite number of monomials formed
by entries of w and A with the appropriate weight ratio.
(i) Construct & (u) as the sum of C; derived thus far. Then add to this each of the possible
terms multiplied by an independent, unidentified constant.
(iii) Determine the constants by ensuring 6 (u) satisfies known properties of the o -function:
e For the first few Cy this is mainly ensuring lemma 6.1 is satisfied (as in the trigonal
calculations).
o For the latter C; the coefficients are instead determined by ensuring a variety of the
equations from lemma 7.4 are satisfied.
o In addition, those polynomials up to C3g require we ensure o (u) satisfies some of the
relations between g-functions obtained from the expansion of the Kleinian formula
in section 5.
The second method is the most computationally efficient (due to the pole cancellations),
while the third method is extremely difficult. The equations in lemma 7.4 are derived in
tandem with the o -function expansion, and so cannot be used for the first few Cy.

12
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The expansion has been calculated up to and including Cs9. Appendix B contains Cg
and Cy; with the rest of the expansion online at [16]. These latter polynomials are extremely
large and represent a significant amount of computation. Many of the calculations were run
in parallel on a cluster of machines using the Distributed Maple package (see [11]). This
expansion is sufficient for any explicit calculations. However, it would be ideal to find a
recursive construction of the expansion generalizing the elliptic case (see for example [19]).

7. Relations between the Abelian functions

In the previous section, we showed that o (u) has definite Sato weight, and hence so do the
Abelian functions defined from it. We can conclude from definition 4.3 that

Wi iy, i) = —[Wti,) + Wtug,) + - - + wt(u;,)]. (26)
Then use equations (20) and (21) respectively to conclude

wt(Qiju) = Wt(gijx1) and W Qijkimn) = Wi jkimn)- (27)

We now introduce the following definition to classify the Abelian functions associated
with C by their pole structure.

Definition 7.1. Define
I'(J, O(mOKY)

as the vector space of Abelian functions defined upon J which have poles of order at most m,
occurring only on the kth standard theta subset, @,

Recall that the Abelian functions we define all have poles occurring only when o (u) = 0,
which by lemma 6.1, is when u € OB, Therefore, using remark 4.6 (iii) we conclude that
the n-index g-functions belong to I'(J, O(n®)), while the n-index Q-functions all belong
to (J, 02O0N),

Lemma 7.2. Suppose we have a basis for the vector space T'(J, O(m®W)). Then an element
of the space that is not contained in the basis can be expressed as a linear combination of the
basis entries, with coefficients polynomial in A = {Aq, A3, X2, A1, Ao}

Proof. The significance of the lemma is that we need not consider the coefficients to be
rational functions of A, as may be expected. We can modify the argument from theorem 9.1
in [8] to prove this. Let X be an element of the vector space that is not in the basis. Then

Pi(A
X:ZA,-(A)Y,- zZﬁYﬁ (28)
J J

where the Y; are elements of the basis, and the A; are rational functions of A. Since the
polynomials P;, Q; belong to a polynomial ring we suppose that the A ; have been expressed
in reduced fractional form. We will suppose for a contradiction that at least one of the A; is
not polynomial.

Define B as the least common multiple of {Q;(A)}. There will be specific values of A
that set B = 0 while leaving at least one P;(\) non-zero (see, for example, chapter 1 of [20]).
Multiply both sides of equation (28) by B and take A to be one of these special values. In this
case the equation we obtain would invalidate the linear independence of the basis. Therefore
we conclude that all the A; must be polynomial in A. ]

13
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Theorem 4. A basis for T'(J, O(20B))) is given by

Cl & Cou & Cpn @& Cpsz & Cpu
& Cos @& Cpi & Copn & Cpopu @& Cpu
® Cps @& Cpp @& Cpiz & Cpuu & Cpss
@ Cpzg @ Cpuu D Cpss D Cpss @ Cepss
® Cpopss @® Cpos @& COsse6 & CQasse @ CQOusss
® CQuss @& CQOzse6 D COs556 & CQase6 @ CQOosse
® CQuss ® CQuse & CQOsz66 & CQius & COunss (29)
® COus @ CQuss D CQiss6 & COnes ® CQOauso
® COnss ® CQuss & CQuss & CQOuus & COxnu
©® COxmas ® CQupu & CQOnes @ CQuiss ® CQOiam
® CQius @ CQOxnxp @& COxns & CQuus & CQOioss
® COius ® CQues ® CQOnu & CQusse ® COiise
® CQuss @ CQuas @ CQuas @& CQiiades.

Proof. The dimension of the space is 26 = 2% = 64 by the Riemann-Roch theorem for
Abelian varieties. It was shown above that all the selected elements do, in fact, belong to the
space. All that remains is to prove their linear independence, which can be done explicitly
using Maple. ]

The actual construction of the basis is as follows. We start by including all 21 of the g;;
in the basis, since they are all linearly independent. Then, to decide which Q;j; to include,
we systematically consider decreasing weights in turn, starting at —4 since this is the highest
weight of any Q-function. At each stage we derive equations to express the Q-functions at
that weight using the following method (implemented with Maple):

(i) We form a sum of basis entries, each multiplied by an undetermined coefficient. We
include those basis entries at this weight, along with elements in the basis of a higher
weight (already determined) combined with appropriate A-monomials that balance the
weight. Note from lemma 7.2 that we need not consider basis entries multiplied by
rational functions in the A.

(ii) We also include in this sum the Q;;;; which are at this weight.

(iii) Substitute the Abelian functions for their definitions as o -derivatives.
(iv) Substitute o (u) for the expansion, truncated at the appropriate point.

(v) Take the numerator of the resulting expression and separate into monomials in w and A,
with coefficients in the unidentified coefficients.

(vi) Set all the coefficients to zero and solve the resulting system of equations.

At weights which have more than one Q-function we often find that one or more must be
added to the basis so that the others can be expressed.

We form these equations at successively lower weights constructing the basis as we
proceed. As the weight decreases we require more of the expansion, which is why these were
calculated in tandem. Also, as the weight decreases the possible number of terms increases,
and the computations take more time and memory. Upon completing this process we have 63
basis elements.

14
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We find the final element by considering the 6-index Q-functions. Repeating the process
we found that one of the functions at weight —30 is required to express the others.

Sets of differential equations satisfied by the Abelian functions. We now present a number
of differential equations between the Abelian functions. The number in brackets on the left
indicates the weight of the equation.

Lemma 7.4. Those 4-index Q-functions not in the basis can be expressed as a linear
combination of the basis elements:

(—4)  Qoe66 = =355 + 4a6,

(=5 QOse66 = =284,

(—6)  Quso6 = 6Ma66 — 2644 — 3 Q5566+
(=7)  Quse6 = 2hag56 + 2636,

(=7)  Ossse = 4hagose + 4636,

A longer list is given in appendix C, while the full set is available online at [16].

The same statement is also true for all the 6-index Q-functions, except Q114466 Which is
in the basis. Explicit relations have been calculated down to weight —30. The first few are
given below with all available relations online at [16]:

(=6)  Qceo666 = 404 + 1505566 — 24866 A4,

(=7)  Oseo666 = 20836 — 4564,

(—8)  Osseo66 = 24626 — 12635 — 2Quss6,

(—8)  Que666 = —208035 + 5 Quss6 + 16ga61a — 205544 — 8A3.

Proof. By lemma 7.2 it is clear that such relations must exist. The explicit PDEs were
calculated in the construction of the basis, as discussed at the start of this section. O

Corollary 7.5. There are a set of PDEs that express 4-index g-functions using Abelian
functions of order at most 2. The full set can be found online at [16]:

(—4)  ess6 = 6855 — 3§55 + 416, (30a)
(=5) 5666 = 0566266 — 26245, (306)
(—6)  Pus66 = 6816866 + Orages — 2044 — 395566 + 366855 + 69,

(=7) 4566 = 2045666 + 446856 + 2ha856 + 2636,

(=7)  §5556 = 0855656 + 4has6 + 4636

Proof. Apply (20) to the first set of relations in lemma 7.4. ]

The set of equations in corollary 7.5 is of particular interest because it gives a generalization
of (2) from the elliptic case. A similar generalization for (3) would be a set of equations that
express the 3-index g-functions using Abelian function of order at most 3. So far the following
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relations have been derived (see [16] for the latest list):

(—6) g6 = 463 — T92% + 4puc66 — 8558066 — 4664 + 4as + 205566,
(=7)  s668666 = 462856 + 2046856 — P55656 — 2645666 + 236,
(—8) 95568666 = —4g26 — 2635 — 455ha — 4h3 + 24556 — 6845656
— 246855 + 5566666 — 22866 — 2§25
(—8) 9356 = 462866 + Apacss + P25 + dssha + dpusse + 826
+4r3 — 20556,
(—8)  Pus6666 = 46266 + APac9 + 205505 + dpcha + 207
—2055h4 — 3045656 — 2644666 — £55668266 — 2626 — 2635
— 446855 — 203 + £45565
(=9)  Pss68566 = —2603 — 20458955 — 38a5ha + Pss66656 — 1834 + 38555+
(—9) 55568666 = —35566656 — 414856 + 5686614 + 12656655666
+ 1093 + Spusha — $934 — 2usss + 4usuc + 836666,
(—9)  Pucs66 = 583 — 26925 — 29546 + § 84555 + 2056855866 — Pa5855
+ 456046866 + 4935 — 3954 — 2914856 + 45606604 — 5566656+
(—9)  Pus68666 = — 56855866 + 260455 + 2656846866 + 2036866 — 263
+ 20456 + %8045)»4 + %6’95566@56 - %@34 - _%804555 + 26456046.

Proposition 7.6. There are a set of relations that are bilinear in the 2-index and 3-index
g-functions. (See [16] for full list.) There is no analogue in the elliptic case, although similar
relations have been derived in the hyperelliptic and trigonal cases:

(=6) 0= —gss5 + 2156 + 265666766 — 265667666
(=7 0= —2pue + 2155 — 20466866 + 2666614 + 26468666
— 20556666 * 5562666 + 566656
(—8) 0= 20160566 — 26566466 + §5556%66 — 26556566 + 556656 — 262366 a1
(—8) 0 =2p456666 — §2145 + P56§166 — £366 — 5664
— £456666 — 262466566
(=9) 0= —2pus5606 + 46266 + 26456566 + 2624666755 — 262468556

— 95556956 T £25568955 — 269356-

Proof. These can be calculated by cross differentiating suitable pairs of equations from
corollary 7.5. For example, (30) expresses ggs66() While (30) expresses gsees(w). If we
substitute for these equations into

d 0
— 86666 (U) — —— 5666 (1) = 0,
8I/t5 au(,

then we find (31). O

A topic of future work in this area would be the construction of relations between the -
functions in covariant form, as was recently achieved in [21] for the hyperelliptic case.
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8. Solution to the KP-equation

We now demonstrate how such Abelian functions can give a solution to the KP-equation.
Differentiate (30) twice with respect to ug to obtain

0
§2666666 = 12%(@6650666) — 35566 + 4624666 -
6

Make the substitutions ug = x,us = y,us =t and W(x, y, 1) = ggs(u), and rearrange to
give the following parametrized form of the KP-equation:
[Weer — 12WW, —4W,], +3W,, = 0.

In fact, this is just a special case of the following general result for Abelian functions associated
with algebraic curves.

Theorem 8.1. Let E be an (n, s)-curve with genus g as given by (6). Define the multivariate
o-function associated with E as normal. Define the Abelian functions from o(u) as in
section 4 (with the indices now running to g instead of 6). Finally, define the function
W (u) = pg,(u), which we denote W (x, y, t) after applying the substitutions u, = x, ug_1 =
Y, Ug =1.

Then, if n > 4, the function W (x, y, t) will satisfy the following parametrized version of
the KP-equation:

(Wyyy — 12WW, — bW)), —aW,, =0, (32)
for some constants a, b.

Proof. Recall definitions 2.1 and 2.2 which gave the Sato weights for C. These can be
calculated for the general curve E similarly as

wt(x) = —n, wt(y) = —s,
wi(ug) = w1, Wit(ug—1) = wy, oo wWi(uy) = wy,
wt(Ag) = —ns, wt(h) = —n(s —1), ... wt(he_y) = —n.
Here n, s are the integers generating the curve and {w;, . . ., @, } is the Weierstrass gap sequence

for n, s. These are the natural numbers not representable in the form an + bs where a, b € N.
(See [17], section 1 for more details.)

Since s > n > 4 we know that {1, 2, 3} cannot be represented in this form. Therefore we
have

wt(ug) = +1, Wt(ug_1) = +2, wt(ug_p) = +3.
By (26) this implies the g-functions will have weights
Wt(pg,g) = -2, Wt(@g,gfl) = -3, Wt(pgfl,gfl) = —4, Wt(@gflg) = —4,

with all the other 2-index g-functions having a lower weight. Next consider Qg,c¢, Which
will have weight —4. This will belong to I'(J, O(2@8~11)), the space of Abelian functions
defined upon the Jacobian of E which have poles of at most order 2 on ®¢~!, By lemma 7.2
we can express Qggq, aS

Qegog = A8g—1,0—1 +bg_2 ¢, (a, b constants),
since these are the only Abelian functions of weight —4, and there is no function of lower

weight that could be combined with a A-monomial. We use remark 4.6 to substitute for Q and
then differentiate twice with respect to u, to give

d
$gs2208 = lzﬁ(pgg@ggg) +agg 15155 T 052455
8
Then make the substitutions suggested in the theorem to obtain (32). ]

Further research into the applications of these results is currently being conducted.
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9. Two-term addition formula

Theorem 9.1. The functions associated with (7) satisfy the following two-term addition
formula:

_ o(u+v)o(u —
o(u)?o (v)?

where f(u, v) is a polynomial of Abelian functions, given in appendix D.

Y _ v — fv,w),

Proof. We seek to express the following ratio of o -functions (labelled LHS) using a sum of
Abelian functions:

o(u+v)o(u —v)
o (u)?o (v)?
First recall that o (u) is an odd function with respect to the change of variables u — [—1]u.
We use this to consider the effect of (u, v) — (v, w) on LHS:

LHS(u, v) =

(33)

o(u+v)o([—1](u—w))
o (u)?o (v)?
So LHS is antisymmetric or odd with respect to (u, v) — (v, u).

Next, recall that o (u) has zeros of order 1 along ©b! and no zeros elsewhere. This
implies that LHS has poles of order 2 along

O x Hu P! x 1)

LHS(v, u) =

= —LHS(u, v).

but nowhere else. Together this implies that we can express LHS as

LHS = Y A;(X;@)Y;(v) — X; ()Y, (w), 34

J

where the X ; and Y; are functions chosen from the basis in theorem 4, and the A ; are constant
coefficients. A modification of lemma 7.2 will show that the A ; must be polynomial functions
of A.

Finally, we use the fact that o has weight +15 to determine that the weight of LHS is —30.
Hence we need only consider those terms in (34) that give the correct overall weight.

We use Maple to construct (34) with the A; undetermined. This contained 1348 terms
(647 undetermined coefficients since it is antisymmetric). The coefficients can be determined
using the o -function expansion. (]

We believe this to be the first of a family of similar addition formula related to the
invariance expressed in (8). There has been much work conducted into these addition formula
for the trigonal cases (see [8] for example). In [22], we see that this has inspired new results
in the lower genus cases.
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Appendix A. Expansion of the Kleinian formula

We consider (22) from theorem 5.1. We expand this as one of the P tends to infinity to
obtain a series expansion in terms of the local parameter £. It follows that each coefficient
with respect to £ must be zero, giving us an infinite sequence of equations starting with those
below:

0= —2° + puez” + (Ps6W + £26)Z + PeoW? + P36W + P16, (A.1)

0 = (915 — a6 — 2w)22 + ((P55 — Ps66)W + 25 — £266)2
+ (56 — Pe66) W + (935 — £366)W + P15 — P66, (A.2)

3 1 2 2 3 1
0= (6044 — 58456 + 3604666) 7+ (—3w + (5045 — 58556 + 5505666) w
3 1 1 3 2
— 582256 T 924 + 5502666) z+ (56’96666 — 38566 6046) w

+ (363666 + 934 — 29356) W + P14+ 01666 — 3156, (A.3)

4 1 1 2 4 1
0= (604566 — 36446 — 8246666 — 560455) T+ ((@5566 — 36456 — 58756666
1 4 1 1 3
- 56’«)555) W — 36246 — 56255 + 22566 — 55026666) z — 4w’ + (5666
1 1 4 2 1 4
— 369556 — 56266666 — 559466) w-+ (—5@36666 + 3566 — 362346

— 38355) W — £P16666 + 1566 — 38146 — 38155, (A.4)

0= —32" — (246 + 344) 2 + (304556 — 2a45 — 345666 — 26956W — 26226
— 303+ 20ua66 + 34604 + 25 Pa66666) 2 + (—266w> + (2 Ps66666
- %60455 + %604566 - 15—26055666 + %@56)\4 + %695556 - 26036) w— 15—26925666
— 20045 — 2ha + 29066 + 22556 + 23266666 — 2016 + 32604)
+ (%@66)% - %6056666 + 2—1450666666 - %60456 + 2604666 + %605566) w?
+ (ﬁ §2366666 + %@3466 + %693556 + %[@36)% - %6035666 - %50345) w

5 5 1 5 5 1
+ 201556 — A1 — 5815666 T 376166666 T 261466 — 26145 + 5016A4. (A.5)

Appendix B. The o-function expansion

We defined the o -function expansion as the infinite sum of finite polynomials:
o) =Ci5+C19+Cp;3+Cr7+C31+C35+---.

We know that C;s is equal to the Schur—Weierstrass polynomial as given in (25). The other
y
polynomials were calculated, in turn, using the method described in section 6. The next
polynomials, Cj9 and C»3, are given below, while the rest of the expansion can be found at
[16]:
1 16 2 .3 8 2 3 2 2,4, 6

Cig=MAg - [mb% ug + T35U6 U5 — Ue USU4L™ U3 — Ue U4l + U5 U2

235 1 6,2, 1, 4 6 1,5 5 9.2 2
— gslUe Us U3 — UGUS5 Uy + goU6 Us Usy — gl Ugl] + ooz U6 Us U4

1

2.5 1 5.2 1 152 1.4 2 8
+ ToUs Ua + U6 U2 + 3005632046 U5~ — U5 Ul — z5U5 Uy
1 7

76 1 4 1 132 1 11, 4
— Tgoo e Us  — Taolle Us + gesmgate  U4T — gxiepie Us
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7 10

6%0”6 us’ 5040

9 2 2
Ug u4 + %024146 u4u2+ u6 u4 ui +u6 u5 Uqg" Uy

280”6 Usuqusz + -z u65u52u4u2 - —u6 u53u4u3 - —u6u53u42u3

1 5 8
— To46 M5M4 us + 3”6”5 Uy — M6M4 Lt3 + 20146 u4 + 2520u6 u5 Ug

+3Ou66u4 uy + - u64u4u3 + u53u3u2

6 3 17 12

- 180”6 us’ug 997920”6 usug + 630

+ EMS uqus + —u4 uy +

4

4 7 4
92546 u5 uz+ 3 u6 Us Uy

u68u5 uy + u6u46

997920”6 2us + 5040”6 u

LM& u54u32

1,3, 3 1 11 1 5,4 3.2 4
— U6 UsTUY — 83160”6 Usiz — golle™ Us M4 + M6 Us Uy ]
2.2 1 6 4 2

Cr(u) = A3 - [u5 Uz Uy — 360”6 u4 u+ - u5 usuz”~ —

7, 2

18

252”6 us M3 + u6 u5 uy+ -z u6u54u2 + u6 u5 u

1 4 8§ 2 5 4 4
+ﬁu6 us3 u2+mu6 Us"U Tz U6 U4 UL —

1 16, 2 17 13
"'111767040“6 Us“Us + Trg7s0q0 46 Ualla —

13 5 1

+ 18146 Lt4 uy+z Lt5 Usuy — 74844”6 Us
8

+ 630”6“5 s + 75gglt Us" s — g5igsits’

29
17962560

1

u612

17 7
mus Uguz —

2
2
u54u4

%u65u5u4u3u2

M2 — guﬁ M4 u2

6 1 2.6
Uus ugq — 0u6u5 Uy

2 4 7,2 2 5
+mu6 Us l/l4 + mu6 us l/t4 +mu6 Us u4 + SUsua U3

L 6.4 .3, 1 10,2 3 ! 13 !
* Gasole Us Us” Tt 3gpgille UsTU4T T 299376”6 us’uz — yug'us’

2.6
54()”6 us M4 +

17, 2 1 8 1 10

) 15
7514758446 UsU3 — 1260”6 us us +

M4 u22

1 5.2 2
+335301 ooU6 U4™ — gxgls U2 — Tgoglls Ua T @ue us U3

8 5 37
- 10080”6 wgus” + 0”6”4 Uy — 131440”6

2 6 1 4
+%u6 Us M3+ 12M5 Uy u2+ 135u6 Us Uy — 3024146 us

1 7,8 1 4
+mb{6 us — gugus usuy +
5 9
e U2’ +
10

1
19958404

1 19, 2
Tia67208304 6 Us™ +

10,, 2
Uguz — 1890

$Bustu,® +

120

u67u4 us
us

u62u4 + -

1 12 3
3305008 46 U1 + —u6u5 UsU3zUr

3 4.3 2.3.3 2
+mu6 us  — 18“6 Us usuy + 9u6 Us Ug U3 — —u6u5 us~us

£ 12 13 9 2
~ 39875006 Usualz + 90720”6 Us Uqtiy —

1 5.3 2 1 5,6, 2 1.2 2 2
— goU6 Us U4TU3 + sp0U6 Us Ug +§u6 Us UqU2” + =570

1 8 5_ 7 .4, 5 1 11

22934 59 66 080

17010

u620u4

u69u54u42

4 1
~ g06a U6 U4T T 3eplUs U4 — 3991680”6 s — 554375046 Us

u(,l uy +

1 1, 2 1
~ Toossat6’ U3+ 35735006

%u64u52u4u32

6

720

1
1008

I/l6 Uy

u68u5u3u2 + u62

6

2
Us Ug u1+90

1
" 167650

14,3
se0U6 U4

9
720”6 Ualty

+ %ué M4L£22 — u62u5u42u3u2 — u6u4u32u2 - u6u52u42u32

8 6
+ 9L£6 u5u4 us + 15120“6 u5 ususz + 60”6 Us u4u1 — 9()146”5 Uquy

7 4 6 2
360“6 Us ugqUy —

1 5 1 2.4

2
— @I/% UsTUgU3 — ToU6 U5 Us" UL + 45360

1 231 3
* 1059578363806 46 — 5”6 ugus” + 5“6

3145 M4' Uy —

1 7
360”6 us u4 uy — 540'46 u5u4 usz —

T U6 u5u42u3 + 3

2 1.6 2 1. 4 4 13 12, 4
+)\4~[—mu6 Us Uy — =5U6 U4 U — Fozis00H6  Us Ua

! 13 7
+ ool Ualts + 5isus uaus + 22680

2., 2 17

4.5 1 12, 2
+Eu5 usuy + 16775 U6 Us U — §u6 Uy UY" — T7zUeU5 U4

20

315

1 u56ul

u44u1

1.6
641520“6 ”5]

3

u69u4u1 + u63u4 Uy

8 2



J. Phys. A: Math. Theor. 42 (2009) 095210 M England and J C Eilbeck

+ 726’464“58’44 a1 751,{681/{5 u4+ u6u5 u4 + 1230’46 Us u45
+ 1(7)8u6 u54u44 — 2801/!6714521/{44 — Eu5u45u3 162”6 I,£54M43
+ Tosoglte Us Us’ 467775”6 Hustus — Fsue” ”56”4
474251467”5 u3+ u4 u2 + mb%”u‘; + =z ]05 81/!2
+ 3Ou65u42u32 — 25120u68u4u3 + u6u4 Uz + 16200u610u42u2
+mu6 u43u2 935"‘63“5 us + - u52u4 us + 13514641456142
— %u62u43u32 — ﬁudugg — 199584”613’452“4 + u62u47
— 35us°u1 — Tggte 2" — sEsgmrasTae Us” — m%lz”l
+ 14:‘1175145214510 — gu62u53u43u3 — 125u6u55u42u3 7483i4oou612u5u4u3

2 9 o 1 20 4 5 3 2
* 5g33Ue Us UsUL ¥ S3ero1s 00 e U4 — g3lthe UsTU4TUZ

15 6 29 9 4 2 247 38 45
~ 135046 Us s + 6804046 Us U™ — Tpogap U6 s + 5 ”5 Uq
503 11 s 11 1 16
~ 597920046 ug* + 773950046 us* + 705 46 us® + 7514758400 46 U2

5 6 19 4 3 1 4
+ Gop U6 a * Foieao e UaT — T34 U

1.6 2 5,3 4 2 8 3 2 6
+%u6 Ugly™ — {gUe UsU4 U3 — paslUe U5 U4U3 + IsUeUs UgUy

+ 425’465”54’/’4’42 + —u66u52u42u2 — 2;01,{66%51443143 + u63u52u4 175
2 4.5 2.4 2 17 9 2
— z5lUe U5 U4U3 + 3 l/lf, Us Us"UY — F5paqlle UsU4TUS
1 11,6 1 23 1 8
— seramte’ Us® = semorsogmanits + eoptte Us U

2 1 15 41 10
+39916800”6 Cus’us — 157172400 46~ UsU3 — 4725”5 ”4]

Appendix C. The 4-index Q-functions

This appendix contains a list of PDEs expressing the 4-index Q-functions that were not
elements of the basis for F(J , (9(2@[5])) as a linear combination of basis elements. This
appendix contains all the equations down to weight —22. The full set can be accessed at [16].
The PDEs are ordered in decreasing weight (the number in brackets):

(—4)  Osos6 = — 3855 + 46,
(=5)  Ose66 = —20s,
(=6)  Quso6 = 61a66 — 2644 — 3 Q5566+
(=7)  Quse6 = 2ha56 + 2636,
(=7)  Osss6 = 4rags6 + 4636,
(=8)  Qua66 = 4rafas + Aagss + 35 + 6626 — Qusse + 443,
(—8)  Ossss = 16dags5 + 4g35 + 24426 — 6 Qasse + 1643,
(=9)  Quss = Shagus + 225 — 3 — £ Qusss.
(=9) Q3666 = 2haus — 3 Qusss.
(—10) Q666 = — % Quass — 5 03566 — 314 Dss66 + 4663,
(—10)  Quaa6 = Ohagas — 224 — 2A3 %66
— Quass + 324 Qss66 — 3 Q3566 + 496613,
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(—11) Q3466 = 43614 — 5 Q3566+
(=11)  Quus = 6936hs — 25613 + 8s6h3 — 302566 — 3 Q3s56,
(—12)  Qoue6 = 816 — 933 + 2A2 — 3 Qause — Q3ase + dhare + 2hagss,
(=12)  QOss55 = 2416 — 833 + 16448935 — 6Q3as6,
(—12)  Quuus = — 12016 + 933 + 642 + 1203456 + 1205543 + dgash]
— 1694623 — 35575 + 1204826 — 18Xa035 — 6Qass6,
(—13)  Qosss =215 — 823 + 16602544 — 602456,
(—13)  Qsus = 615 — 4623 + 4asha + So3aha + 394545 — § Qusssha — 2Quus.
(—13)  Quiss = —4@sha + S3ada — $usA] + 3 Qusssha + 2 Qs
(—14)  Qie66 = —344 Q3566 + Q3366 — 3 Q3445
(—14)  Qouss = 3914 — 2022 + S2uhs — SP66hars + 2 Q3366 + Q556673
— § Osse6hs + 20423 — ¢haQaass — 3ha Q3566 — & Q34ss,
(—14)  Qosss = 314 — 2000 + S2uhs — 3p66har3 — 3 Q3366 — Oss66)3
+ 1 Q556645 + 696602 — 2604423 + 3ha Quass + $ha Q3566 + 5 Q3aas.
(=15)  Qise6 = —3 Qoaas — 1 Q2assha + 292366 — 3623666 — 326836
— 136h3 + 2s6ha,
(—15) Q3356 = — 3 Qoaas + 33623 + 3ps6ha — 3 Qase6hs — 3 Q2366
(=15)  Qsaas = —2 Qouas +4p36A] — 3 Q3s56ha + 23623 + 505602
— 2 02se6hs — 2 02366,
(—16) 03316 = —2Q1466 + 411 — Q1556 — O266 + 1601644 + 33513
— ©s55A2 + 262643 — 202356,
(—16) Q03355 = 8Q1466 — 8A1 + 601556 — 3201644 + 43543 — 2012356,
(—16)  Qosas = 2h4ha + 104 + 3601604 + 33573 + 25542 — Q34s6)4
— 2 Qasseha — Ta6h3 — 6a6ha + 3933hs + 6ha3456
— 12043856 — 120356046 — 12Xa36645 + 42607
— 635h;5 — 901466 — 901556 + 2 02066 + 302356,
(=17)  Quase = =213 — Pasha + 2025626 + £2856 + 415h4 — Q2346
— 15 Oussshs — 39056 + 925h3 + Fushads + §93403,
(=17)  Qisss = 4913 + 6usha + 30256 — 8p15hs + 6 Q2346 + 5 Quss5)3
— 62543 — 245h4h3 — 8343,
(=17)  Onsss = —4p13 — 4pasha — 202056 + 8015ha — 202346 + 42543 + 43443,
(=17)  Qssus = —2925h3 + 39323 — 29ushads + 25k + Ons6 + £ Qusssha,
(—18)  Quus6 = —6912 + 666r1 + 5 Q356615 — Qlass + 8P1aka — Q356613
— Q2345 — 3 Q3344 — 3 Q33664 + 3 Q3445)4,
(—18) Q246 = 20ushs — 4pech1 — 266har2 + 5 Q356623 + Q336604
— Qsuushs — Q3se6rs + 262443 + 2 Ossechz + Qlass,
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(—18)

(-19)

(-19)

(-19)

(=20)

(=20)
(=20)

(=21

(=21
(=21)

(-22)

(=22)

(=22)

Onss = =812 — 8paska + 169esh1 + Z 14k + 8peshala
— 20356603 — 50336604 + 3 Q3aasha + 3 Q3se6)g,
+ 46036045 — %)»4)»369558066 - %M)wa@s% - %&066)»2
+ 1 hah3sses + 4235 + 4534 — 30ssecha

— 20345 + 3 Quasshs + S924hs — 2Q1ss,

3 2 3 1 3
Q1366 = — 15 Q2245 — 5 Q23aa — 715 Q256643 — 3 Q236614 + 55 Q245524

3 2. 12 3 7 9 1
+ 35 Q256643 + S P56M1 — 15856002 + {5836 4A3 + 53602 — 70355673,

3 3
03336 = —32 Q2045 + 202344 — % Q256643 + 3 Q23eeha + 15 Q2assha

3 2, 38 16 3 3 3
+ 75 Q2se6ry + 5 936A2 — T P56 — $056AaAh2 — T 36Aah3 + 5 0355643,

Q1a45 = 8pseh1 — 5 02ous — Q2aas — 3 Q256623 — 3 Q236604

+ 1025665 + 5 Qaussha — 2s6haha + 3P36hahs + 3036h2 — 3 Qassehs,
Q244 = +2h342 + 28A4h1 + 2550400 — 6350403 + 303343

— 244601 + 11291604° — 441623 + 28p55h1 + I35 Ao

+20Q1356 — 6Q1444 + 1001266 — 22Q 146614 + Q226674

+20n56r4 + 20345603 — 22Q1556A4 — Qas5643 — 662,
02336 = 801643 — 2605541 + 26003502 — 201356 — 201266
Q3335 = —3204h1 + 24pushs — 128p16h4% + 5601643 — 32p55A

— 3001356 + 8Q1444 — 1201266 + 24 Q1466A4 + 24 Q155614 + 43512,
Q1256 = — 3 0236 — Q346 — 15 Qusssha + ushaha + 3p1shs3

+ 393k — 245A1,
Q1355 = 5 0236 + Q1346 + 1 Qusssha — 5 02335 — Pashaha + Pishs,

3 1 3
Q3330 = —5 0236 — 301346 + 3 Qasssha + 5 02335 — Pasrada

+ 901503 + 1203400 — 8gusAi,
Q1345 = SP66ho — 911 + 1201445 + L pecrari — 5 Q35660443
— 1 033a4ha — 3 Q1255 + L1423 — Pash1 — Qroae
+ % Qasehs” — 5 O3366ha” — 3 Q336643 + £ Q344573
— 2 0345hs — 2912hs + 15 Q3aasha’,
Q226 = =611 + 2 Q3s66h2 + § Qaassha + 6Qsseoht + 2 P14k
— B osshart — 35 Qaseehars — T P12ka +4nuls
+ 121423 + 69aah1 — 29660302 — 6Q1246 + 3 Q3aashs’
— 20330424 — 3 Q336604° + 3 0336643 — 3 Q3aashs
— 109660 — 2 Qo3asha + 2 Q3s66ha” + 5 Ossechaha,
O35 = =211 — Q3seeh2 — 40s566h1 — 3291404 + 2 Pecrak
+ 22 Q3seehahs + Sp12ha + 109esho — Q1ass + 15 Qaze6ha”
— 1094421 +2Q1246 — 15 Q3aa57a” + 3 03344ha + F01403

4 2 4 4 3
— 30336643 + 5 Q344503 + 5 Q23a5ha — 75 Q3566447
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(=22) Q334 = —4p11 — Oss66h2 +205566M1 — 2 P13ha” — 2 Pe6hah
+ 15 Qaseshahs + Sp12ha + Quass + $91403 + 4y
— £ Qsa524” + 2 Q3aaha + & O3366h4” + 3 Q336603

1 4 4 3
— 3 Q3aa5A3 + 5 Q23asha — 15 Q356674

Appendix D. The two-term addition formula
The Abelian functions associated with C satisfy the following two-term addition formula:
o(u+v)o(u —v)

ey = v fww,

where f(u, v) is a finite polynomial of Abelian functions. We write f (u, v) as

fu,v) = Pyg+ P+ P+ Pig + Pra+ Pio+ Po + Pa,
where each P, contains the terms with weight —k in the Abelian functions and weight k — 30
in A:
P = 3 Q114466() + 3 Q3566 (V) Q1356 (1) — 314(v) Q2356 (w)
+ 1 01556(0)P14(w) — 1 0236(W) 25 (V) — 2 Q2345 (W) 33 (V)
+ 15 03344 (V) Q3us6 (W) — 3025 (v) Q1346 () + 5 Qasse (V)11 (1)
+2 03304 (W16 (V) + 37 Q1346 (V) Qusss () + 5 Q1145(V) 56 (w)
+ 5 02236(0) 934 (W) + 5 01444 (V) Q3566(1) — 46 (V) Q1146 (W)
— 5 Q1556 (V)92 () + 5 Q1155 (W6 (V) + 2 Q3566 (V) Q1266 ()
+ 1912(0) Qa6 (w) + £26(0) Q1246(w) + Q236(V) 15 (w)
+ 1502345 (1) Q2556 (V) — % Q1356 (V) Quass (1) — 35 02245(v) Q2566(W)
+ 936 (V) Q1245 (1) — £33 (V) Q3304 (1) + Q1246(V) 35(10)
+ 3 Quao6 (W) Q3a45(v) — § Q1466 (W14(v) — 26 (V) P11 (w)
+ 1916(V) Q2345 (W) — 75 Q3445 (V) Q2266() + 5 Os5566(V) Q1244 (1)
+ ¢ Q1466 (V) Q3366 (1) + 18Qus55(v) Q2335 (w) + 5 Quass (V) Q1266 (w)
— £ Ouass(0) Qraaa () + 1 02345 (V) Quss (W) + 5 Q1156 (V) g2as (1)
+ 0256(V)15(U) — FP12(V)P16(w) — 5 Q1356 (V)24 (1)
— 3633(V) Quass (W) + 1944 (V) Q1166 (1) — Q1ass (V) P16(w)
— 15 92236(0) Qusss () — 55 Q3344 (V) Q2s56() — 75 Q2566(V) Q2344 (W)
— 25 03556(V) Q2245 (1) — 35 Q3556(V) Q2344 () + § Q2445 (V) Q2366 (W)
+ 1 Q1556 (1) Q3366 (W) — 5 Q1255(W) 26 (V) — 5 Q1144 (V) 266 (1)
— 35 02335 (V) 934 () + £ Q3366 (V) Q2266 (W) + 5 24 (V) Q1266 (1)
— 1 02256(V) 23 (1) — ©22() Q1466 (V) + 3955(V) Q1146 ()
+ ¢ Q1346 (W) 33 (V) — T914(w) 02266 (V) + 913 (V) Q2a56(1)
— 1p12(v) Qass6(w) — F924(V) Qrasa(w) + § Q2335(V) 25 (1)
+ 944 (v) Q1244 (W) + £ 933 (W) P12(V) — Q2346 (V) 923 (1) — P35 (V)11 (w)
— 5 02356(v) Q3366() + 3 Q3445 (V) Q1556 (W) — £ Q3445 (v) Q2356 (W),
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Py =[5 Q11ss(u) — Qr1a6(w) — 25 Q2556(1) Q3366 (V) — 3 Q1556 (1) Qaass (V)
+ 57 Q3566 (1) 02266 (V) — £ D566 (V) Q1266 (W) + 5 Q1466 (V) Qaass (w)
— 15 03445 (V) Q3a56(w) — 7 Os566(v) Q1356 () + £ Q3566 (1) Q1556(v)
+ 35 Q2556(1) Q3445 (V) — 5 Os566 (1) Q1444(V) + 35 Q3556(V) Q2445 (W)
— 35 Q3456 () Q3366 () + 35 Q2566 () Q2445 (V) + £ Q1466 (V) Q3566 (W)
+ § Q3566 (1) 02356(v) + 2 Q 1466 (V) 924(w) — 5 Q3445 (V)33 (w)
+ 15 02556 (W) P14(V) — £45(1) Q1336 (V) — Zp16(V)P14(w)
+ 2 33(1) Q3366 (V) — 15 Q3366 (V) P16 (W) — 55 Q2335 (1) 45 (V)
+ 2003 (W) p15(V) — P11 (W) ss(V) +416(V) P22 (u) — Z 33 (W) P14 (V)
+ 344 () Q1266 (V) + 3944 (V) Q1asa (W) + 3 936() Q2344 ()
— 2035(W) 912 (V) + 37645 (1) Q2236(V) — = Q3456 (1) P14 (V)
— 966(V) Q1244(1) — 225() 913 (V) — 236(1) Q2245 (V)
+ 12916 () Q3445 (1) + 644 (1) Q1356 (V) — 2Q 1556 () 24 (V) | Aa,
Py = [935(0)914(w) — Q1a66(v) Os566(1) — 33 16(1) Q3566(V)
— Q1556(w) Os566(V) — 35 Q2566(1) Q3556(V) — + Q3456(w) Q3566 (V)
— 20Q1466(1) 944 (V) — 5 Q3366(V) 35 () + 26044 (1) Q1556 (V)
+1015(V) 25 (1) — L23(1) Quasss(v) + £933(w) Q3566 (V)
+§ 01266 (W66 (V) + 5 Q1356 (V)66 () — 523 (V)34 ()
+ 75 Q2556 (1) Q3566 (V) + § Q1444 (W) 66 (V) +  Q3445(V) 935 (w)
— $916(w) Qaass (V) — 416(W)24(V) — 3 Q2366(W 36 (V)
— Bo15Wp3 () + F1015(w) Qasss (V) — 23 (V)5 (W) Az
+[—601356(v) 966 (1) — 15 Q3456 (1) Q3566 (V) — 444 (1) Q1556(v)
— 2 Q1466(0) Q5566(1) + 3 Q1266 (W) P66 (V) + 3 Q2366 (W) 36 (V)
— 15 Q2415 (W) 36(V) + 4 Q1466 (W a4 (V) — 7533 (1) Q566(v)
+ 55 Q2556 () Q3566 (V) — § Q1444 (W) 266(V) + F 916(w)§924(v)
+3016(1) Quuss (0) + 2L 016(w) Q3566 (V) + 35 Q2566 (1) Q3556 (V)
+3 Q1556 (1) Qss66 (V) |25,
Pig = [ 35 Qas66 (W) 936(v) — §23(W)a5(v) — £ Q345 (V) — 75 Q3344 (V)
+2p12(w) + 2 0s6(1) Q2366(V) + 35 Qusss (W) 25 (V) + 34 (w) 25 (V)
— 5763(0) Quasss(u) — 245 (W) 915 (V) — 55 55(1) Q3445(v)
+ 155 (WP14(V) + £ 55(1) Q3366 (V) — 2 Q3556 (W) 36 (V) |12
+[ 55 Q2566 (W) 36 (V) — 2 Q3556 (W) 36 (V) — § Q566 ()35 (V)
— 3916(V) Qss66(1) — £ 45 (W) P15 (V) + 5923 (W) a5 (V)
+266() Q1556 (V) + 2966 (1) Q1466(V) + 5644 (V) 916 (1) | Aad3
+ 4966 (1) Q1556 (V) + 15 Q2566(1) 936 (V) + 816(V) Q566 (1)
+ 466 (w) Q1466(v) — § Paa(@)pr16(w) 13,
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Py = [25(w) 45 (V) + 922 (w) + 3 Q3aas(w) + $914 (V) + 35 Q3366(V)
— 35 03556 (W) 56 (V) — 644 (W) 26 (V) + 3 Q5566 (V) 226 (W)
+8.016(w) 966(V) — § Quaass (V) a6 (1) + 3 Q3566 (V) 55 ()
— 53 Qasss (W (V) — 15933 (Wes(V) — F24 (w55 ()
— 2 Qa456(W) 66 (V) — 2924(V) Pa6() + 3 Qa55(V) 55 ()
— 335 (1) Os566(V) — 3934 (W) gus (V) — 5 o35 (W) as (V)
+ 15 02556 (W) 966 (V) — 3 Q3566 (V) 246 (1) + 75 Q2566 (V) 56 (W) |11
+[ 55 Q3566 (V)55 (W) + £ 925 (W) 945 (V) — 15 Q3556 (W) 56 (V)
+ ¢34 (W45 (V) — 35 Q2566 (V) 56 (1) — 35 Q3366 (V) — 75 Q3445 (w)
+ L p1) [lahs — o160 pes (W) + L o16(v) Pe6(1)A513
— F916(0)P66 (W13,
Pig = [~224(v) — 5 Q3566 (V) — 314(0) 055 () + 5036(w) 956 (V)
— 3 Oaass (V) — 3935(w) 66 (V) + 3 Q5566 (1) 55 (V) | Ao + 48944 (V) 246 (1)
+ 324(0) + L 036 (W) 56 (V) + 626 (V) P66 (1) — 5 35 (1) 266 (V)
+ 644 (V)55 (1) — 2 Q5566 (W) P46 (V) + 1 Os566(W) 55 (V) — 3 Q3566(0)
— 2 Quass(w) | A4k,
Ps = 12 p66(w) 55 (V) A3k + 15 Os566(0)Aaho — 446(1) 266 (V) A1
— 446 (V) P66 (W A3h1 + 3 055 (1) P66 (V) Aado — 6955 (V) P66 (WAGAL
— 2 Q5566 (V)A3h1 + 39a4(V)Aaho — Lo4s(VIATA — 205566(V)AGA1
+3paa(U)A3A g,
Py = Zpgs(w)hadshi — p66(w)Aah — L 966 (w)AGA1 + 966 (WAGho — 3 66(U)A3A0.
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